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Abstract
Samet et al. in (Nonlinear Anal. 75:2154-2165, 2012) introduced the concepts of
α-ψ -contractive type mappings and α-admissible mappings in metric spaces. The
purpose of this paper is to present a new class of almost contractive mappings called
almost generalized (α-ψ -ϕ-θ )-contractive mappings and to establish some ﬁxed and
common ﬁxed point results for this class of mappings in complete ordered b-metric
spaces. Our results improve and generalize several known results from the current
literature and its extension. Moreover, an application to integral equations is given
here to illustrate the usability of the obtained results.
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1 Introduction
It is well known that the Banach contraction principle has been improved in diﬀerent
directions at diﬀerent spaces by mathematicians over the years. In , Czerwik [, ]
introduced the concept of b-metric space. In the sequel, several papers have been pub-
lished on the ﬁxed point theory of various classes of single-valued and multi-valued op-
erators in b-metric spaces (see, e.g., [, –]). On the other hand, more recently, Samet
et al. in [] introduced the concepts of α-ψ-contractive type mappings and α-admissible
mappings in metric spaces. Then, Karapınar and Samet [] introduced the concept of
generalized α-ψ-contractive type, which was inspired by the notion of α-ψ-contractive
mappings. Furthermore, they [] obtained various ﬁxed point theorems for this gener-
alized class of contractive mappings. Also, it should be noted that the study of common
ﬁxed points of mappings satisfying certain contractive conditions has been at the center
of rigorous research activity (see [–]). In this paper, ﬁrst, we introduce the concept of
almost generalized (α-ψ-ϕ-θ )-contractive mappings, and then we prove some common
ﬁxed point and coincidence ﬁxed point theorems for this class of mappings in partially
ordered complete b-metric spaces. Finally, as an application of our main results, we prove
the existence of a unique solution to a class of nonlinear quadratic integral equations. The
results of this paper improve and generalize the obtained results in papers [, , ].
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Deﬁnition . [] Let X be a (nonempty) set and s≥  be a given real number. A function
d : X ×X →R+ is said to be a b-metric space iﬀ for all x, y, z ∈ X, the following conditions
are satisﬁed:
(i) d(x, y) =  iﬀ x = y;
(ii) d(x, y) = d(y,x);
(iii) d(x, y)≤ s[d(x, z) + d(z, y)].
The pair (X,d) is called a b-metric space with the parameter s.
It is obvious that a b-metric space with base s =  is a metric space. There are examples
of b-metric spaces which are not metric spaces (see, e.g., Singh and Prasad []).
The notions of a Cauchy sequence and a convergent sequence in b-metric spaces are
deﬁned by Boriceanu []. As usual, a b-metric space is said to be complete if and only
if each Cauchy sequence in this space is convergent. Note that a b-metric, in the general
case, is not continuous [].
Deﬁnition . [] Let X be a nonempty set and T , g : X → X be given self-mappings
on X. The pair {T , g} is said to be weakly compatible if Tgx = gTx, whenever Tx = gx for
some x in X.
Samet et al. [] deﬁned the notion of α-admissible mappings as follows.
Deﬁnition . Let T : X → X be a map and α : X ×X →R be a function. Then T is said
to be α-admissible if
α(x, y)≥  ⇒ α(Tx,Ty)≥ .
Recently, Rosa and Vetro [] introduced the following new notions of g-α-admissible
mapping.
Deﬁnition . Let T , g : X → X and α : X ×X →R. The mapping T is g-α-admissible if,
for all x, y ∈ X such that α(gx, gy) ≥ , we have α(Tx,Ty) ≥ . If g is the identity mapping,
then T is called α-admissible.
Deﬁnition . [] An α-admissible map T is said to be triangular α-admissible if
α(x, z)≥  and α(z, y)≥  ⇒ α(x, y)≥ .
2 Main results
In this section, we prove some commonﬁxed point results for two self-mappings satisfying
an almost generalized (α-ψ-ϕ-θ )-contractive mapping (for the notion of α-ψ-contractive
type mappings, see Samet et al. []).
Let (X,d) be a b-metric space with a constant s and T : X → X and g : X → X be two
mappings. Set
M(x, y) = max
{
d(gx, gy),d(gx,Tx),d(gy,Ty), d(gx,Ty) + d(gy,Tx)s
}
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and





Now, we introduce the novel notion of an almost generalized (α-ψ-ϕ-θ )-contractive map-
ping as follows.
Deﬁnition . Let T and g be two self-mappings on a b-metric space (X,d). We say that
T is an almost generalized (α-ψ-ϕ-θ )-contractive mapping with respect to g if there exist




) ≤ ϕ(M(x, y)) + Lθ(N(x, y)), (.)
whereψ ,ϕ, θ : [,∞)→ [,∞) are continuous functions with ϕ(t) <ψ(t), θ (t) >  for each
t > , ϕ() =ψ() = θ () =  and ψ is increasing.
Deﬁnition. Let (X,d) be a b-metric space, g : X → X and α : X×X →R.X is α-regular
with respect to g if for every sequence {xn} ⊆ X such that α(gxn, gxn+)≥  for all n ∈N and
gxn → gx ∈ gX as n→ ∞, then there exists a subsequence {gxn(k)} of {gxn} such that for all
k ∈N, α(gxn(k), gx)≥ . If g is the identity mapping, then T is called α-regular.
Lemma . Let T , g : X → X and α : X × X → R. Suppose that T is g-α-admissible and
triangular α-admissible. Assume that there exists x ∈ X such that α(gx,Tx)≥ . Then
α(gxm, gxn)≥  for all m,n ∈N with m < n,
where
gxn+ = Txn.
Proof Since there exists x ∈ X such that α(gx,Tx) ≥  and T is g-α-admissible, we de-
duce that
α(gx, gx) = α(gx,Tx)≥  ⇒ α(gx, gx) = α(Tx,Tx)≥ ,
α(gx, gx)≥  ⇒ α(gx, gx) = α(Tx,Tx)≥ .
By continuing this process, we get
α(gxn, gxn+)≥ , n = , , , . . . .
Suppose that m < n. Since α(gxm, gxm+) ≥ , α(gxm+, gxm+) ≥  and T is triangular
α-admissible, we have α(gxm, gxm+) ≥ . Again, since α(gxm, gxm+) ≥  and α(gxm+,
gxm+)≥ , we have α(gxm, gxm+)≥ . Continuing this process inductively, we obtain
α(gxm, gxn)≥ . 
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Now, we establish some results for the existence of a common ﬁxed point of map-
pings satisfying an almost generalized (α-ψ-ϕ-θ )-contractive condition in the setup of
b-metric spaces. The main result in this paper is the following common ﬁxed point theo-
rem.
Theorem . Let (X,d) be a complete b-metric space, T , g : X → X be such that TX ⊆
gX and suppose that gX is closed. Assume that the mapping T is an almost generalized
(α-ψ-ϕ-θ )-contractive mapping with respect to g and the following conditions hold:
(i) T is g-α-admissible and triangular α-admissible;
(ii) there exists x ∈ X such that α(gx,Tx)≥ ;
(iii) X is α-regular with respect to g .
Then T and g have a coincidence point.
Moreover, if the following conditions hold:
(a) the pair {T , g} is weakly compatible;
(b) either α(u, v)≥  or α(v,u)≥  whenever Tu = gu and Tv = gv.
Then T and g have a unique common ﬁxed point.
Proof Let x ∈ X be such that α(gx,Tx)≥  (using condition (ii)). Since TX ⊆ gX, we can
choose a point x ∈ X such that Tx = gx. Also, there exists x ∈ X such that Tx = gx,
this can be done through the reality TX ⊆ gX. Continuing this process having chosen
x,x, . . . ,xn ∈ X, we have xn+ ∈ X such that
gxn+ = Txn, n = , , , . . . . (.)
By Lemma ., we have
α(gxn, gxn+)≥ , n = , , , . . . . (.)
If Txn = Txn+ for some n, then by (.) we get
gxn+ = Txn = Txn+,
that is, T and g have a coincidence point at x = xn+, and so the proof is completed. So,
we suppose that for all n ∈ N, Txn 
= Txn+. Since the mapping T is an almost generalized









≤ ϕ(M(xn–,xn)) + Lθ(N(xn–,xn)) (.)







d(gxn–, gxn),d(gxn–, gxn+),d(gxn, gxn)
}
= 
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) ≤ ϕ(max{d(gxn–, gxn),d(gxn, gxn+)}). (.)
If for some n ∈ N, max{d(gxn–, gxn),d(gxn, gxn+)} = d(gxn, gxn+), then by (.) and using














) ≤ ϕ(d(gxn–, gxn)) <ψ(d(gxn–, gxn)) for each n ∈N. (.)
From (.), we deduce that {ψ(d(gxn, gxn+))} is a nonnegative nonincreasing sequence.
Since ψ is increasing, the sequence {d(gxn, gxn+)} is nonincreasing, and consequently
there exists δ ≥  such that
lim
n→∞d(gxn, gxn+) = δ.
We claim that δ = . On the contrary, assume that
lim
n→∞d(gxn, gxn+) = δ > . (.)
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and so δ = , that is a contradiction. Thus
lim
n→∞d(gxn, gxn+) = . (.)
Now, we claim that
lim
n,m→∞d(gxn, gxm) = . (.)
Assume, on the contrary, that there exist  >  and subsequences {gxm(k)}, {gxn(k)} of {gxn}
with n(k) >m(k)≥ k such that
d(gxm(k), gxn(k))≥ . (.)
Additionally, corresponding tom(k), wemay choose n(k) such that it is the smallest integer
satisfying (.) and n(k) >m(k)≥ k. Thus,
d(gxm(k), gxn(k)–) < . (.)
Using the triangle inequality in a b-metric space and (.) and (.), we obtain that
 ≤ d(gxn(k), gxm(k))≤ sd(gxn(k), gxn(k)–) + sd(gxn(k)–, gxm(k))
< sd(gxn(k), gxn(k)–) + s.
Taking the upper limit as k → ∞ and using (.), we obtain
 ≤ lim sup
k→∞
d(gxm(k), gxn(k))≤ s. (.)
Also
 ≤ d(gxm(k), gxn(k))≤ sd(gxm(k), gxn(k)+) + sd(gxn(k)+, gxn(k))
≤ sd(gxm(k), gxn(k)) + sd(gxn(k), gxn(k)+) + sd(gxn(k)+, gxn(k))





So, from (.) and (.), we have

s ≤ lim supk→∞ d(gxm(k), gxn(k)+)≤ s
. (.)
Also
 ≤ d(gxn(k), gxm(k))≤ sd(gxn(k), gxm(k)+) + sd(gxm(k)+, gxm(k))
≤ sd(gxn(k), gxm(k)) + sd(gxm(k), gxm(k)+) + d(gxm(k)+, gxm(k))
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So from (.) and (.), we get

s ≤ lim supk→∞ d(gxn(k), gxm(k)+)≤ s
. (.)
Also
d(gxm(k)+, gxn(k))≤ sd(gxm(k)+, gxn(k)+) + sd(gxn(k)+, gxn(k)),
so from (.) and (.), we have

s ≤ lim supk→∞ d(gxn(k)+, gxm(k)+). (.)








d(gxn(k), gxm(k)), lim sup
k→∞
d(gxn(k), gxn(k)+), lim sup
k→∞
d(gxm(k), gxm(k)+),

















N(xm(k),xn(k)) = . (.)
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which is a contradiction. So, we conclude that {gxn} is a Cauchy sequence in (X,d). By
virtue of (.) we get {Txn} = {gxn+} ⊆ gX and gX is closed, there exists x ∈ X such that
lim
n→∞ gxn = gx. (.)
Now, we claim that x is a coincidence point of T and g . On the contrary, assume that
d(Tx, gx) > . Since X is α-regular with respect to g and (.), we have
α(gxn(k)+, gx)≥  for all k ∈N. (.)
Also by the use of triangle inequality in a b-metric space, we have
d(gx,Tx)≤ sd(gx, gxn(k)+) + sd(gxn(k)+,Tx)
= sd(gx, gxn(k)+) + sd(Txn(k),Tx).
























































































Hence, d(gx,Tx) = , that is, gx = Tx and x is a coincidence point of T and g . We claim that
if Tu = gu and Tv = gv, then gu = gv. By hypotheses, α(u, v)≥  or α(v,u)≥ . Suppose that








) ≤ α(u, v)ψ(sd(Tu,Tv)) ≤ ϕ(M(u, v)) + Lθ(N(u, v)),
where
M(u, v) = max
{





















) ≤ ϕ(d(gu, gv)) <ψ(d(gu, gv)),
which is a contradiction. Thuswe deduce that gu = gv. Similarly, ifα(v,u)≥ , we can prove
that gu = gv. Now,we show thatT and g have a commonﬁxed point. Indeed, ifw = Tu = gu,
owing to the weak compatibility of T and g , we get Tw = T(gu) = g(Tu) = gw. Thus w is a
coincidence point of T and g , then gu = gw = w = Tw. Therefore, w is a common ﬁxed
point of T and g . The uniqueness of the common ﬁxed point of T and g is a consequence
of conditions (.) and (b), and so we omit the details. 
Example . Let X be the set of Lebesgue measurable functions on [, ] such that∫ 







Then D is a b-metric on X, with s = .





(∣∣x(t)∣∣ + ), (.)
and the operator g : X → X is deﬁned by
gx(t) = e
√
 |x(t)| – . (.)
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∣∣e √ |x(t)| – e √ |y(t)|∣∣dt
))
≤ ln( +√D(gx, gy)).




t, α(x, y) =  and x = . Thus, by using Theo-
rem ., we obtain that T and g have a unique common ﬁxed point.
From Theorem ., if we choose g = IX the identity mapping on X, we deduce the fol-
lowing corollary.
Corollary . Let (X,d) be a complete b-metric space and T : X → X be a self-mapping




) ≤ ϕ(M(x, y)) + Lθ(N(x, y)),
where ψ ,ϕ, θ : [,∞)→ [,∞) are continuous functions with ϕ(t) <ψ(t), θ (t) >  for each
t > , ϕ() =ψ() = θ () = , ψ is increasing,
M(x, y) = max
{
d(x, y),d(x,Tx),d(y,Ty), d(x,Ty) + d(y,Tx)s
}
and





Suppose also that the following conditions hold:
(i) T is α-admissible and triangular α-admissible;
(ii) there exists x ∈ X such that α(x,Tx)≥ ;
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(iii) X is α-regular;
(iv) either α(u, v)≥  or α(v,u)≥  whenever Tu = u and Tv = v.
Then T has a unique ﬁxed point.
Example . Let X be the set of Lebesgue measurable functions on [, ] such that∫ 







Then D is a b-metric on X, with s = .





(∣∣x(t)∣∣ + ). (.)
























































≤ ln( +√D(x, y)).




t, α(x, y) =  and x = . Thus, by Corollary .
we obtain that T has a unique ﬁxed point.
From Theorem ., if the function α : X ×X →R is such that α(x, y) =  for all x, y ∈ X,
we deduce the following corollary.
Corollary . Let (X,d) be a complete b-metric space, T , g : X → X be such that TX ⊆ gX.




) ≤ ϕ(M(x, y)) + Lθ(N(x, y)),
Allahyari et al. Journal of Inequalities and Applications  (2015) 2015:32 Page 12 of 18
where ψ ,ϕ, θ : [,∞)→ [,∞) are continuous functions with ϕ(t) <ψ(t), θ (t) >  for each
t > , ϕ() =ψ() = θ () = , ψ is increasing,
M(x, y) = max
{
d(gx, gy),d(gx,Tx),d(gy,Ty), d(gx,Ty) + d(gy,Tx)s
}
and





Then T and g have a coincidence point.Moreover, if T and g are weakly compatible, then
T and g have a unique common ﬁxed point.
From Theorem ., if ψ(t) =ψ(t) and ϕ(t) =ψ(t) – ϕ(t) for each t ∈R+, where ψ,ϕ :
R+ → R+ are continuous functions such that ψ(t) > ϕ(t) >  for t > , ψ() = ϕ() = 
and ψ is increasing, we deduce the following corollary.
Corollary . Let (X,d) be a complete b-metric space, T , g : X → X be such that TX ⊆ gX.




) ≤ ψ(M(x, y)) – ϕ(M(x, y)) + Lθ(N(x, y)),
where ψ,ϕ, θ : R+ → R+ are continuous functions such that ψ(t) > ϕ(t) >  for t > ,
ψ(t) = ϕ(t) = θ (t) =  if and only if t =  and ψ is increasing,
M(x, y) = max
{
d(gx, gy),d(gx,Tx),d(gy,Ty), d(gx,Ty) + d(gy,Tx)s
}
and





Assume also that the following conditions hold:
(i) T is g-α-admissible and triangular α-admissible;
(ii) there exists x ∈ X such that α(gx,Tx)≥ ;
(iii) X is α-regular with respect to g .
Then T and g have a coincidence point.
Moreover, the following conditions hold:
(a) the pair {T , g} is weakly compatible;
(b) either α(u, v)≥  or α(v,u)≥  whenever Tu = gu and Tv = gv.
Then T and g have a unique common ﬁxed point.
From Corollary ., if we choose L =  and g = IX the identity mapping on X, we deduce
the following corollary.
Corollary . Let (X,d) be a complete b-metric space, T : X → X be a self-mapping on X




) ≤ ψ(M(x, y)) – ϕ(M(x, y))
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for all x, y ∈ X, where ψ,ϕ :R+ →R+ are continuous functions such that ψ(t) > ϕ(t) > 
for t > , ψ() = ϕ() =  and ψ is increasing and
M(x, y) = max
{
d(x, y),d(x,Tx),d(y,Ty), d(x,Ty) + d(y,Tx)s
}
.
Assume also that the following conditions hold:
(i) T is α-admissible and triangular α-admissible;
(ii) there exists x ∈ X such that α(x,Tx)≥ ;
(iii) X is α-regular;
(iv) either α(u, v)≥  or α(v,u)≥  whenever Tu = u and Tv = v.
Then T has a unique ﬁxed point.
From Corollary ., if the function α : X ×X →R is such that α(x, y) =  for all x, y ∈ X,
we deduce the following corollary.
Corollary . Let (X,d) be a complete b-metric space, T , g : X → X be such that TX ⊆ gX.




) ≤ ψ(M(x, y)) – ϕ(M(x, y)) + Lθ(N(x, y)),
where ψ,ϕ, θ :R+ →R+ are continuous functions such that ψ(t) > ϕ(t) >  for t >  and
ψ(t) = ϕ(t) = θ (t) =  if and only if t =  and ψ is increasing,
M(x, y) = max
{
d(gx, gy),d(gx,Tx),d(gy,Ty), d(gx,Ty) + d(gy,Tx)s
}
and





Then T and g have a coincidence point.Moreover, if T and g are weakly compatible, then
T and g have a unique common ﬁxed point.
From Corollary ., if ψ(t) = t, g = I and L = , we deduce the following corollary.
Corollary . Let (X,d) be a complete b-metric space, T : X → X be a self-mapping on X.
Assume that the following condition holds:





for all x, y ∈ X, where ϕ : R+ → R+ is a continuous function such that ϕ(t) < t for t > ,
ϕ() =  and
M(x, y) = max
{
d(x, y),d(x,Tx),d(y,Ty), d(x,Ty) + d(y,Tx)s
}
.
Then T has a unique ﬁxed point.
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From Theorem ., if ψ(t) = t and ϕ(t) = β(t)t which β ∈ F (F deﬁned in []), we
deduce the following corollary.
Corollary . Let (X,d) be a complete b-metric space, T , g : X → X be such that TX ⊆ gX.
Assume that gX is closed and there exist α : X×X →R and L≥  such that for all x, y ∈ X,
α(x, y)sd(Tx,Ty)≤ β(M(x, y))M(x, y) + Lθ(N(x, y)),
where θ :R+ →R+ is a continuous function such that θ (t) =  if and only if t = , β ∈ S and
M(x, y) = max
{
d(gx, gy),d(gx,Tx),d(gy,Ty), d(gx,Ty) + d(gy,Tx)s
}
and





Assume also that the following conditions hold:
(i) T is g-α-admissible and triangular α-admissible;
(ii) there exists x ∈ X such that α(gx,Tx)≥ ;
(iii) X is α-regular with respect to g .
Then T and g have a coincidence point.
Moreover, if the following conditions hold:
(a) the pair {T , g} is weakly compatible;
(b) either α(u, v)≥  or α(v,u)≥  whenever Tu = gu and Tv = gv.
Then T and g have a unique common ﬁxed point.
From Corollary ., if the function α : X ×X →R is such that α(x, y) =  for all x, y ∈ X,
we deduce the following corollary.
Corollary . Let (X,d) be a complete b-metric space, T , g : X → X be such that TX ⊆
gX. Assume that gX is closed and that the following conditions hold:
sd(Tx,Ty)≤ β(M(x, y))M(x, y)
for all x, y ∈ X, β ∈ S and
M(x, y) = max
{
d(gx, gy),d(gx,Tx),d(gy,Ty), d(gx,Ty) + d(gy,Tx)s
}
.
Then T and g have a coincidence point.Moreover, if T and g are weakly compatible, then
T and g have a unique common ﬁxed point.
Remark . Since a b-metric space is a metric space when s = , so our results can be
viewed as the generalization and the extension of several comparable results.
3 Application to integral equations
Here, in this section, we wish to study the existence of a unique solution for a nonlinear
quadratic integral equation, as an application of our ﬁxed point theorem. Consider the
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nonlinear quadratic integral equation







ds, t ∈ I = [, ],λ ≥ . (.)
Let
 denote the class of those functions γ : [, +∞)→ [, +∞) which satisfy the following
conditions:
(i) γ is nondecreasing and (γ (t))p ≤ γ (tp) for all p≥ .
(ii) There exists ϕ : [, +∞)→ [, +∞) which is a continuous function and ϕ(t) < t for
all t >  and ϕ() =  such that γ (t) = t – ϕ(t) for all t ∈ [, +∞).
For example, γ(t) = kt, where ≤ k <  and γ(t) = tt+ are in 
.
We will analyze Eq. (.) under the following assumptions:
(A) h : I →R is a continuous function.
(A) f : I ×R → R is a continuous function, f (t,x) ≥  and there exist constant  ≤ L < 
and γ ∈ 
 such that for all x, y ∈R,
∣∣f (t,x) – f (t, y)∣∣ ≤ Lγ (|x – y|).
(A) k : I × I →R is continuous at t ∈ I for every s ∈ I and measurable at s ∈ I for all t ∈ I
such that k(t,x)≥  and ∫  k(t, s)ds≤ K .
(A) λpKpLp ≤ p– .
Also, consider the space X = C(I) of continuous functions deﬁned on I = [, ] with the
standard metric given by
ρ(x, y) = sup
t∈I
∣∣x(t) – y(t)∣∣ for x, y ∈ C(I).






∣∣x(t) – y(t)∣∣)p = sup
t∈I
∣∣x(t) – y(t)∣∣p for x, y ∈ C(I).
It is easy to see that (X,d) is a complete b-metric space with s = p– [].
We formulate the main result of this section.
Theorem . Under assumptions (A)-(A), Eq. (.) has a unique solution in C(I).
Proof We consider the operator T : X → X deﬁned by







ds for t ∈ I.
By virtue of our assumptions,T is well deﬁned (thismeans that if x ∈ X thenTx ∈ X). Also,
for x, y ∈ X, we have
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Since the function γ is nondecreasing, we have
γ
(∣∣x(s) – y(s)∣∣) ≤ γ(sup
t∈I
∣∣x(s) – y(s)∣∣) = γ (ρ(x, y)),
hence
∣∣T(x)(t) – T(y)(t)∣∣ ≤ λKLγ (ρ(x, y)).




≤ {λKLγ (ρ(x, y))}p
≤ λpKpLpγ (d(x, y))
≤ λpKpLpγ (M(x, y))
≤ λpKpLp[M(x, y) – ϕ(M(x, y))]
≤ p–
[





This proves that the operator T satisﬁes the contractive condition (.) appearing in
Corollary .. So Eq. (.) has a unique solution in C(I) and the proof is complete. 
Example . Consider the following functional integral equation:
x(t) = t









 + |x(s)| ds (.)
for t ∈ [, ]. Observe that this equation is a special case of Eq. (.) with
h(t) = t

 + t ,
k(t, s) = s + t ,
f (t,x) = cos t
|x|
 + |x| .
Indeed, by using γ (t) =  t, we see that γ ∈  and (γ (t))p = (  t)p = p tp ≤  tp = γ (tp) for
all p≥ . Further, for arbitrarily ﬁxed x, y ∈R such that x≥ y and for t ∈ [, ], we obtain
∣∣f (t,x) – f (t, y)∣∣ =
∣∣∣∣cos t
|x|










Thus, the function f satisﬁes assumption (A) with L =  . It is also easily seen that h is a
continuous function. Further, notice that the function k is continuous in t ∈ I for every
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 + t ds =

[ + t]
≤  = K .
This shows that assumption (A) holds. Taking L =  , K =

 and λ =

 , then inequality









It is easily seen that each number p ≥  satisﬁes the above inequality. Consequently, all
the conditions of Theorem . are satisﬁed. Hence the integral equation (.) has a unique
solution in C(I).
Competing interests
The authors declare that they have no competing interests.
Authors’ contributions
All authors contributed equally to the writing of this paper. All authors read and approved the ﬁnal manuscript.
Author details
1Department of Mathematics, Mashhad Branch, Islamic Azad University, Mashhad, Iran. 2Department of Mathematics,
Sari Branch, Islamic Azad University, Sari, Iran.
Received: 6 October 2014 Accepted: 3 January 2015
References
1. Czerwik, S: Nonlinear set-valued contraction mappings in b-metric spaces. Atti Semin. Mat. Fis. Univ. Modena 46(2),
263-276 (1998)
2. Czerwik, S: Contraction mappings in b-metric spaces. Acta Math. Inform. Univ. Ostrav. 1, 5-11 (1993)
3. Aghajani, A, Abbas, M, Roshan, JR: Common ﬁxed point of generalized weak contractive mappings in partially
ordered b-metric spaces. Math. Slovaca 4, 941-960 (2014)
4. Akkouchi, M: Common ﬁxed point theorems for two selfmappings of a b-metric space under an implicit relation.
Hacet. J. Math. Stat. 40(6), 805-810 (2011)
5. Boriceanu, M, Bota, M, Petrusel, A: Multivalued fractals in b-metric spaces. Cent. Eur. J. Math. 8(2), 367-377 (2010)
6. Bota, M-F, Karapınar, E, Mles¸nit¸e, O: Ulam-Hyers stability results for ﬁxed point problems via alpha-psi-contractive
mapping in b-metric space. Abstr. Appl. Anal. 2013, Article ID 825293 (2013)
7. Bota, M-F, Karapınar, E: A note on ‘Some results on multi-valued weakly Jungck mappings in b-metric space’. Cent.
Eur. J. Math. 11, 1711-1712 (2013). doi:10.2478/s11533-013-0272-2
8. Aydi, H, Bota, M-F, Karapınar, E, Moradi, S: A common ﬁxed point for weak φ-contractions on b-metric spaces. Fixed
Point Theory 13(2), 337-346 (2012)
9. Aydi, H, Bota, M-F, Karapınar, E, Mitrovic´, S: A ﬁxed point theorem for set-valued quasi-contractions in b-metric spaces.
Fixed Point Theory Appl. 2012, 88 (2012)
10. Ðukic´, D, Kadelburg, Z, Radenovic´, S: Fixed points of Geraghty-type mappings in various generalized metric spaces.
Abstr. Appl. Anal. 2011, Article ID 561245 (2011)
11. Hussain, N, Ðoric´, D, Kadelburg, Z, Radenovic´, S: Suzuki-type ﬁxed point results in metric type spaces. Fixed Point
Theory Appl. 2012, 126 (2012)
12. Hussain, N, Shah, MH: KKM mappings in cone b-metric spaces. Comput. Math. Appl. 62, 1677-1684 (2011)
13. Jovanovic´, M, Kadelburg, Z, Radenovic´, S: Common ﬁxed point results in metric-type spaces. Fixed Point Theory Appl.
2010, Article ID 978121 (2010). doi:10.1155/2010/978121
14. Khamsi, MA, Hussain, N: KKM mappings in metric type spaces. Nonlinear Anal. 73(9), 3123-3129 (2010)
15. Khamsi, MA: Remarks on cone metric spaces and ﬁxed point theorems of contractive mappings. Fixed Point Theory
Appl. 2010, Article ID 315398 (2010)
16. Parvaneh, V, Roshan, JR, Radenovic´, S: Existence of tripled coincidence points in ordered b-metric spaces and an
application to a system of integral equations. Fixed Point Theory Appl. 2013, 130 (2013)
17. Roshan, JR, Parvaneh, V, Shobkolaei, N, Sedghi, S, Shatanawi, W: Common ﬁxed points of almost generalized
(ψ ,ϕ)s-contractive mappings in ordered b-metric spaces. Fixed Point Theory Appl. 2013, 159 (2013)
18. Singh, SL, Prasad, B: Some coincidence theorems and stability of iterative procedures. Comput. Math. Appl. 55,
2512-2520 (2008)
Allahyari et al. Journal of Inequalities and Applications  (2015) 2015:32 Page 18 of 18
19. Shahkoohi, RJ, Razani, A: Some ﬁxed point theorems for rational Geraghty contractive mappings in ordered b-metric
spaces. J. Inequal. Appl. 2014, 373 (2014)
20. An, TV, Dung, NV, Kadelburg, Z, Radenovic´, S: Various generalizations of metric spaces and ﬁxed point theorems.
Rev. R. Acad. Cienc. Exactas Fís. Nat., Ser. A Mat. (2014). doi:10.1007/s13398-014-0173-7
21. Samet, B, Vetro, C, Vetro, P: Fixed point theorems for α-ψ -contractive type mappings. Nonlinear Anal. 75, 2154-2165
(2012)
22. Karapınar, E, Samet, B: Generalized α-ψ -contractive type mappings and related ﬁxed point theorems with
applications. Abstr. Appl. Anal. 2012, Article ID 793486 (2012). doi:10.1155/2012/793486
23. Agarwal, RP, El-Gebeily, MS, O’Regan, D: Generalized contractions in partially ordered metric spaces. Appl. Anal. 87,
1-8 (2008). doi:10.1080/00036810701714164
24. Khan, AK, Domlo, AA, Hussain, N: Coincidences of Lipschitz type hybrid maps and invariant approximation. Numer.
Funct. Anal. Optim. 28(9-10), 1165-1177 (2007). doi:10.1080/01630560701563859
25. Lakshmikantham, V, C´iric´, L: Coupled ﬁxed point theorems for nonlinear contractions in partially ordered metric
space. Nonlinear Anal. 70, 4341-4349 (2009). doi:10.1016/j.na.2008.09.020
26. Mustafa, Z, Sims, B: A new approach to generalized metric spaces. J. Nonlinear Convex Anal. 7(2), 289-297 (2006)
27. Mustafa, Z, Sims, B: Fixed point theorems for contractive mapping in complete G-metric spaces. Fixed Point Theory
Appl. 2009, Article ID 917175 (2009)
28. Cho, S-H, Bae, J-S, Karapınar, E: Fixed point theorems for α-Geraghty contraction type maps in metric spaces. Fixed
Point Theory Appl. 2013, 329 (2013)
29. Boriceanu, M: Strict ﬁxed point theorems for multivalued operators in b-metric spaces. Int. J. Mod. Math. 4(3), 285-301
(2009)
30. Jungck, G, Rhoades, BE: Fixed points for set valued functions without continuity. Indian J. Pure Appl. Math. 29,
227-238 (1998)
31. Rosa, VL, Vetro, P: Common ﬁxed points for α-ψ -ϕ-contractions in generalized metric spaces. Nonlinear Anal.,
Model. Control 19(1), 43-54 (2014)
32. Karapınar, E, Kumam, P, Salimi, P: On α-ψ -Meir-Keeler contractive mappings. Fixed Point Theory Appl. 2013, 94 (2013)
